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CERTAIN HOMOTOPY PROPERTIES RELATED TO 

map(E"Cp2^ 5”") 


JiN-HO Lee 


Abstract. We compute cohomotopy groups of suspended complex plane 
7r"+"‘(S"'CP^) for m = 6,7,8. Using these results, we classify path 
components of the spaces map{T,^CP'^, S’^) up to homotopy equivalent. 
We determine the generalized Gottlieb groups Gn (CP^, S’”*). Finally, 
we compute homotopy groups of mapping spaces map(S”CP^, S"*;/) 
for all generators [/] of [S”CP^,S"*] and Gottlieb groups of mapping 
components containing constant map map(E**CP^, S”*; *). 


1. Introduction 

Let X and Y be based topological spaces. A major object of homotopy 
theory is to study [X, Y], the set of homotopy equivalence classes of based 
maps. In general, if Y is a co-H-group, [X, Y] has group structure. Let YX be 
the suspension of X. Since every suspended space YX is co-group, [EA, Y\ has 
group structure. If EA is a sphere S'", [S", Y] is the n-th homotopy group of Y. 
On the other hand, [A, S"] is called the n-th cohomotopy set of A and denoted 
by 7r"(A). Moreover, if A is a co-H-group, the cohomotopy set is a group 
and called n-th cohomotopy group of A. Homotopy groups and cohomotopy 
groups have been studied by many authors and are a major object in algebraic 
topology. 

Another major object of homotopy theory is to investigate the set of (un¬ 
based) maps / : A —)► Y. We denote map{X,Y) to be the set of all con¬ 
tinuous maps from A to Y equipped with compact-open topology. Then we 
write map{X,Y]f) for the path-component of map{X,Y) containing a map 
f : X ^ Y. Important cases are map{X,Y;*) and map{X,X;l) where 
* : A Y is the constant map and 1 : A —>■ A is the identity map on 
A. D. Harris proved that every topological space A is the space of path com¬ 
ponents of a stratifiable space S'(A) [9]. Thus it is important to study path 
components of mapping spaces to analyze topological spaces. 

Lang proved that if A is a suspended space, then all path components of 
based mapping space map*(A, Y) have the same homotopy type [THl Theo¬ 
rem 2.1]. Whitehead proved that map(5'", 5''";/) is homotopy equivalent to 
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map(5^, S'^; *) if and only if Wf has a section, where * : 5^ ^ S'^ is a constant 
map [301 Theorem 2.8]. Smith proved a rational homotopy equivalence 

map{X,X-, *) X X map^{X,X : =i=) 

for a “nice” space X m- Lupton and Smith proved that 

map{X, Y] f) ^ map{X, Y; f + d) 

for a CW co-H-space X and any CW complex Y, where d : X ^ Y is a. cyclic 
map [161 Theorem 3.10]. Recently, Gatsinzi [3| proved that the dimension of the 
rational Gottlieb group of the universal cover map{X, f) of the function 
space map{X, S^'^; f) is at least equal to the dimension of H*{X-,<Q) under 
several assumptions. Lupton and Smith m showed that 

Gnimap^X, F; *)) ^ G„(F) © G„(X, Y). 

Maruyama and Oshima m determined homotopy groups of map^:{SU{i), SU (3); *), 
map^:{Sp{2), Sp{2); *) and map*(G 2 , G 2 ; *). 

In Section 2, we present some basic knowledge of composition methods [28] . 

We review a mapping cone sequence and a Puppe sequence related to the sus¬ 
pended complex projective plane and discuss the concept of cyclic maps and 
its properties. Also we recall the Toda bracket and its properties. 

In Sections 3, 4 and 5, we compute for fc = 6, 7. As a result, 

we obtain the following results: 


case n 

2 

3 

4 

5 

6 

7 

7r”(E’"+6Cp2) 

2 + 15 

2 + 3 

8 + 2 + 32 + 5 

4 + 9 

42 + 9 + 3 

4 + 3 

case n 

8 

9 

10 

11 

n > 12 


7r’"(S"+6Cp2) 

42 + 32 

4 + 3 

2 + 3 

2 + 3 

2 



case n 

2 

3 

4 

5 

7r"(S"+’'CP2) 

2 + 3 

22 -1- 21 

4 + 23-1-21 

4 + 22 + 63 

case n 

6 

7 

8 

9 

7r"(E"+’'Cp2) 

4 + 22-1-63 

8 + 22 

8 + 22 

8 + 22 

case n 

10 

11 

12 

n > 13 

7r"(E"+^CP2) 

00 -|- 8 “h 2 “h 63 

8 + 2 + 63 

00 -|- 8 “h 2 -j- 63 

8 + 2 + 63 


case n 

2 

3 

4 

5 

6 

7 

8 

7r"(E"+8Cp2) 

22 +21 

2 + 3 

8 + 2 

4 + 9 

8+4+9+3 

8 + 3 

82 + 22 

case n 

9 

10 

11 

12 

13 

n > 14 


7r"(E"+8Cp2) 

8 + 3 

8 + 2 

22 

2 + 3 

2+3 

3 
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where an integer n denotes the cyclic group (s)^ denotes the fc-times di¬ 
rect sum of Zg, oo denotes the group of integers Z and “-I-” denotes the direct 
sum of abelian groups. 

In section 6, using our result in section 3, 4 and 5, we determine nth- 
homotopy groups of function spaces TOap*(CP^, CP^; *) for 4 < n < 13. 

In Section 7, we apply our results to the classification of path components 
of mapping spaces up to homotopy equivalent and evaluation fibrations up 
to fibre homotopy equivalent. Hansen proved that the evaluation fibration 
Wf : map{T,X,T,Y; f) T,Y has a section if and only if [f,idsY] = 0, where 
[ , ] is the generalized Whitehead product [5]. Lupton and Smith proved that 
the following statements are all equivalent: (1) a map f : X ^ Y is cyclic, 
(2) Wf has a section, and (3) two fibrations Wf and w* are fiber homotopy 
equivalent, where =»= is a constant map |16j . Moreover, we apply our results to 
the formulation of generalized Gottlieb groups from suspended complex plane 
to sphere and Gottlieb groups of path components of constant map. We use 
the notation of EHIIII] freely. 


2. Preliminaries 

The complex projective plane is defined by the mapping cone 5^ e'^ 

where 772 : —>■ is the Hopf fibration. We denote rjk = £^“^772 for k >2. 
Gonsider a Puppe sequence 

S3 -U cp2 -, 

where i : ^ is the inclusion map and p : <CP^ —>■ S'^ is the collapsing 

map of S'^ to a point. The Puppe sequence induces a long exact sequence of 
homotopy sets 

• • • ^ ^ ^ [E^CP^, S^] 

Then we have the short exact sequence 

(1.1) 0 ^ Cokerp:^+3 [E"CP^ S""] -Y 0. 

Let 36 (G) : S^CP^ —>■ S'® be the S^-transfer map [23]. This map is the 
adjoint of the composite of inclusions 

ECP2 -A SP(3) SO(6) -A H®S®. 

We set pn+ei^) = E"(76(C) for n > 1. Note that gei'C) = [te, i-g] ° ^^p + ve ° 269 
and 2(7„(C) = o 26„+3 for n > 7 [TT] Proposition 3.3]. 
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Let G be an abelian group. For a prime p, we denote the p-primary parts of 
G by G(p). For an odd prime p, we have an isomorphism 

(1.2) [E^CP\S%^ ^ 7r„+2(5'=)(p) ©^„+4(5 ^')(p), 

since 7 r„+i( 5 '") is of order 2 for n > 3 [551 Proposition 5.1]. 

The space has reduced homology 

= Zp[x3,X5, • • • ,a;2n-l]- 

There is a Steenrod operation on given by 

'P^{x 2 r+l) = rl/(jl ■ {r -j)\) ■X2r+jp+l (2 < r < 71 - 1). 

It has been shown that there exists a wedge decomposition [ 22 ] 

p-i 

SCP"-i ~ V A,{n) 


where Ai(n) has a reduced homology 


H^[Ai{n)) ='L/pZ{x 2 i+l,X 2 i+q+l,--- ,X 2 i+(^r^-l)q+l \ < = [(n- 7 -l)/(p-l)J+1} 
that inherits a Steenrod operation from 

Consider elements a & \Y,Z], (3 & [X,Y], and 7 € [VF,5f] which satisfy 

a o /3 = 0 and /3 o 7 = 0. Let Gp be the mapping cone oi (3, i : Y Gp 

and p : G-y —^ YX be the inclusion and the shrinking map, respectively. We 
denote an extension a € lGj 3 ,Z] of a satisfying i*(a) = a and a coextension 
7 £ [YW, Cp] of 7 satisfying ^*( 7 ) = S 7 [55]. From the definition of extension, 
an extension a exists if and only if a o /3 = 0. Similarly, a coextension 7 exists 
if and only if /3 o 7 = 0. 

We recall a useful relation between extensions and Toda brackets [55] Propo¬ 
sition 1.9]: 

Proposition 1. Let a £ [Pi^]; P S [5f,y], and 7 £ [IF,X] be elements 

which satisfy a o fi = 0 and /3 o 7 = 0. Let {a,/?, 7 } be the Toda bracket and 

p : G-y —> YW be the shrinking map. Then, we have 

ao P £ {a,/3,7} op. 

Here, we recall the concept of a cyclic map and Gottlieb group G„(X) of a 
space X [i[59]. 


CERTAIN HOMOTOPY PROPERTIES RELATED TO map(E"CP^, S™) 


5 


Definition 1. A map f : Y ^ X is cyclic if there is a map F : X x Y X, 
called an affiliated map of f, such that the diagram homotopy commutative 

X xY - - - 

i V 

IV/ 

XWY - - -^ XV X. 

Let G{Y,X) denote the set of all homotopy classes of cyclic maps from Y 
to X. Varadarajan showed that G{Y,X) has group structure for any co-H- 
space Y [55]. For an integer n > 1, the set of homotopy classes of cyclic maps 
-V Y we denote by G„(X, Y), and call the n-th generalized Gottlieb group 
of (X,Y). When Y = S'^, G(Y,X) = G„(X) is the n-th Gottlieb group of X. 
In [^, Gottlieb introduced and studied the evaluation subgroups 

Gn{X) = w^{7rn{map{X,X;l))) 

where w : map{X,X; 1) —)• X is the evaluation map. Note that the Gn{X) can 
alternatively be described as homotopy classes of maps f : S"' ^ X such that 
(/|1) : S'" V X X admits an extension F : S" x X —>■ X up to homotopy. 

3. Determination of S"] 

In this section, we shall determine the generators of the 2-primary compo¬ 
nents of n-th cohomotopy groups of (n -|- 6 )-fold suspended complex projective 
planes. We analyze the following extension 

(2.1) 0 ^ Coker , S^] Kerp*^^ -v 0 

induced by ( 1 . 1 ). 

Lemma 1. (1) For the homomorphisms r]n_^.g : 7 r "_|_9 —>• Trjjj, we have the fol¬ 
lowing table of the cokernel of ? 7 *_|_g : 


n = 

2 

3 

4 

5, 6, 7 

8 

9 

10 

11 

> 12 

Coker r]*+Q 

Zg 

Z2 

Zg 0 Zg 



Zi 

Zg 

Zg 

0 

generators 

?72M3 

e' 


^n<^n+3 

CT8P15 

o’gPie 

(JlOPlT 

CTllPlS 

0 




Ye' 


Pso-ii 




0 


(2) The homomorphisms '^n -\-9 monomorphic except n = 6 

where 

Kerril^ = Zi{2Pe}. 

From (2.1) and Lemma 1, we state our result. 




















6 


JIN-HO LEE 


Proposition 2 . ( 1 ) [E®CP^, = Z2{?72 o Ms o ® ^i5- 

(2) =Z2{e'oS9p}®Z3- 

( 3 ) [E 10 CP 2 , S' 4 ] = Z8{^4 o a' o EiOp} 0 ZajEe' o E^Op} © Z^ © Z5. 

( 4 ) [E11CP2, ^5] ^ 24{^5 O (78 o Si V} ® 

( 5 ) [El 2 cp 2 , 56] = Z|{^6 O (79 O El 2 p, Pg o 2 ti 4 } © Zg © Z3. 

( 6 ) [E 13 CP^ 5 ^] = Z4{^7 o 0-10 o Ei 3 p} © Z3. 

( 7 ) [Ei4cp2, 58 ] = Z2{(78 O 1/15 o El4p, z/g O (711 O El4p} © Z^. 

( 8 ) [El 5 cp 2 , 59] = Z 4{(79 O 1/16 o El 8 p} © Z3. 

( 9 ) [Ei 6 cp 2 ^ 510] = Z2{(7io o z/17 o Ei6p} © Z3. 
fio; [Ei^CP^^ii] =Z2{(7iioz/i8oEi7p}©Z3. 

( 11 ) [E"+ 6 Cp 2 , S'’"] = Z3 V n > 12 . 

Proof. By Lemma 1 (2), we determine all group structures of [E^+^CP^, S”] 
except n = 6 so we consider [E^^CP^, S®]. By (2.1) and Lemma 1, we have the 
following commutative ladder: 


0 

0 


Z4{z/6 O (79} [El2cp2, S6](2) Z4{2P6} 




El 

S 2 

S 3 

0(7io}^^[E13CP 

' srl2-* 

2 ,S^]( 2 )^^( 

) 


0 

0 


Since Ei and E^^p* are isomorphisms, E^^p* has left inverse. This implies that 
the first row splits. This completes the proof. □ 


For odd prime p, we have an isomorphism 

( 2 . 2 ) [E"+ 6 CP^ S"](p) ^ ^„+ 8 (S’")(p) © 7r„+io(S")(p) 

by (2.2). From Chapter 13], then, we have the following: 

Proposition 3. The odd primary components 0 /[E”+®CP^, S”] are 

( 1 ) [E8cp2, S2] = Z3{r72 O ^;(^} © Z5{r?2 o 

(2) [E9CP2, S3] = Z 3 {ai( 3 ) o 02 ( 6 ) o EV- 

(3) [E10CP2, S-i] = Z§{ai(4) o 02 ( 7 ) o E^Op, 1/4 o 02 ( 7 ) o E^Op}. 

( 4 ) [E11CP2,S3] = Z9{/?i(5) o Eiip}. 

( 5 ) [E12CP2, S6] = Z9{/?i( 6) O El2p} © Z3{[t6P6] o ai(ll)}. 

( 6 ) [E13CP2, S"] = Z3{/3i(7) o Ei3p}. 

( 7 ) [Ei4cp2, S8] = Zi{/?i(8) O El4p, [78, 78] O ai(15) O E14}. 

(8) [E’’+ 6 CP 2 ,S’’] = Z 3 {/ 3 iH o S"+ 6 p} for n> 8. 


4. Determination of [E^+i^CP^, S’"] 

In this section, we shall determine the generators of the 2-primary compo¬ 
nents of 7i-th cohomotopy groups of {n + 7)-fold suspended complex projective 
planes. We analyze the short exact sequence 

(3.1) 0 ^ Coker [E"+^Cp2, S’"] Kerp*^g 0 
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induced by (1.1). 

Lemma 2 . (1) For the homomorphisms Pn+w ■ ’’’n+io ‘^ii’ have the 

following table of the eokernel of : 


n = 

2 

3 

4 

5 

5 , 7 , 5 

10,11 

12 

> 13 

Coker 

Z2 


zi 

Z4 ©Z2 

Z4 © Z2 

^4 

Z©Z4 

^4 

generators 

i?2e' 

f' 

£ 3^11 

Yp!, 

p 4 £ 7 : £41^12 

Cs 

00 

+ 

Cn 

i"(i 25 ) 

C12 

Cn 


(2) For the homomorphisms : 7r"_|_g tt^q, we have the following table 
of the kernel of : 


n = 

2, 3 

4, 5, 6 

7 

8 

5 

10 

> 11 

Kerijl^g 

0 

Z 2 

zi 

zl 

Zl 

Z©Zl 

Zl 

generators 

0 


^7 

+ V7S8 

{Ea')pl^ + psffg 

4 

59^10 

2P(i2i) 

J^?i,5iiei2 

^n^n+1 


By Lemma 2, we obtain 

SV : Coker [E"+^Cp2, 5"] 

are isomorphic for n = 2, 3. So, we have the following: 

Proposition 4 . (1) = Z2{r72 o e' o E®p} 0 Z3. 

( 2 ) [E10CP2, S' 3 ] = ZHpl' o EiOp, £3 o i/n o Y.^°p} © Z3 © Z7. 

Proposition 5 . [S^^CP^, 5 ^] = Z4{r'| o gio(C)} © ZgKE^') o Yf^p, £4 o 1^42 o 
P 4 o 777 o S^^p} © Z 21 . 

Relation : P 4 o £7 o E^^p = 2h'l o pio(C). 


Proof. By (3.1) and Lemma 2, we have 


0 —>■ Z^jEp', V^OV-j, P40e7, e40Yl2}©2l5 



[Y^^CP^, 5^] Z2{i/|} ^ 0. 


By m Proposition 3.6], we have a relation 

2p| o 510(C) = ^10 2tl^ = z /4 o £7 o E“p. 

This completes the proof. □ 

Proposition 6. [E^^CP^, S^] = Z4{^5oE^^p}©Z2{P5o778oE^^p, p|opii(C)}© 
Z 7 © Zg. 
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Proof. By (3.1) and Lemma 2, we have 

0^Z4{C5}©Z2{j^ 5OI78}©Z7©Z9 Zajl/f} ^ 0 

Since i/| is of order 2, z/| o 511 (C) € [E^^CP^,5'®] is of order 2. This completes 
the proof. □ 

Proposition 7 . S^] = Z4{^6oS^^p}©Z2{p60i^i4oS^^p, VQogi2{C)}® 

Z 7 © Zg. 

Proof. By (3.1) and Lemma 2, we have 

0 ^ Z4{C6} © ° ^li} © Z 7 © Zg pi^CP^, 5®] Z 2 {iyl} ^ 0. 

Then we have a commutative diagram 

0 -^ Z4{C5} © o Fg} [Ei2cp2, ^5] Z2{iyl} -^ 0 


Si 


S2 


S3 


0 -^ Z4{C6} © Z2{P6 o 1^14} [El3CP2, 5®] ^ 0 

Since the first row is split and Eg is an isomorphism, the second row is also 
split. This completes the proof. □ 

Note that the Hopf map erg : 5^® S'® induces an isomorphism 


(1) [X,S^] © [EX,S^®] ^ [EX,S®], (a,/3) Eo + ug o/3. 


Lemma 3 . 


[El4CP^S^](2) = [Ei®Cp2,S®](2) = [El®CP^S®](2). 


Proof. By (2) and [TTl Proposition 3.2], we have an isomorphism 
E : [El4CP^S^] ^ [El®CP^S®]. 

We consider a 2-primary EHP sequence 

[Ei^Cp2,Si^](2) A [E1®CP2,S®](2) A [E1®CP2,S''](2) ^ 

^ [Ei®Cp2,Si^](2) A [Ei4cp2,S®](2) 

where [E^^CP^, S^^j = 0 , [Ei®Cp 2 , Si^]( 2 ) = Z 4 {^i 7 oEi®p} and [E^^CP^, S®]( 2 ) 
o J^ig o E^"^p, i/g o (Til o by Proposition 3 and [TTJ Proposition 3.1, 

3.2]. Then E : [E^^CP^, S®]( 2 ) ^ [Ei®Cp2, S 9 ]( 2 ) is injective. By [Mj (7.19)], 
we have 


A(zei 7 o E^®p) = P{vn) o E^^p = 2(Tg o o E^^p — xi^s o cru o E^^'^p 

for an odd x. Then A : [E^®CP^, S^^]( 2 ) ^ [E^^CP^, S®]( 2 ) is injective, so that 
E : [E^®CP^, S®]( 2 ) —>■ [E^®CP^, S®]( 2 ) is surjective. Therefore E is isomorphic. 
This completes the proof. □ 
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By (5.5), (7.10), (7.19)], we have 

o' o 77^4 = a' o 4^14 = 4(1/7 ° CTio) = 777 o £9 = 777 o £8 o 7715. 

This implies a' o rjf^ + 777 o £§ o 7716 = 0. Then we can take an extension 
o' o 77^4 + 777 o £8 e 5'^] of a' o 77J4 + 777 o £8. Similarly, we can take an 

extension {Ea') o + 778 o £9 g 5®] of (Ea') o + Vs ° £9- By [28l 

(7.5), (7.10), (7.19), Theorem 7.2], we have 

Vn+9iVn^n+l) — Vn^ri+9 ~ ^^nOn+3 — 0 

for n>9. Then we can take extensions rjn o £„_|_4 g [E”+^CP^, S'”] of rjn o Sn+i 
for n > 9. 

Proposition 8. ( 1 ) [E^^CP^,S^] = Zsjcr'o 77J4 + 777 o £3} 0 Z|{p7 o 7/45 o 
E^V, 7/| o gi3(C)}. _ 

Relation: 2a' o 77^4 + 777 o £8 = xC;j o E^^p for an odd x. 

( 2 ) [E^®C P^, S®] = Z8{(Ecr') o 77^5 + 778 O£9}0Z|{l78O7/ieoEl®p,7/|ogi4(C)}. 

Relation: 2 (E(t') o 77^5 + 778 o £9 = xC,s ° E^®p for an odd x. 

( 3 ) [Ei6cp2, S9] = Z8{W^} 0 Z2{F9 O 7/17 o ElSp, 7/| O gi5(C)}. 

Relation: 2779 o £10 = xfg o E^®p for an odd x. 

Proof. By (3.1) and Lemma 2, we have 

0 —^ Z4{^7}0Z2{7/7O7 /i 5}0Z70Z9 - > [E^'^CP^, S^] -—>■ Z^fl/®, (T^077i4+7770£8} —> 0 

0 ^ Z4{C8}©Z2{p 8O7/16}©Z70Z9 [El®Cp2,S®] Z2{7/|, (Ea')o77?5+7780£9} ^ 0 

0 ^ Z4{C9}©Z2{p907/17}©Z7©Z9 -^ , S^] Z^jT/®, 7790£io} ^ 0. 

By [28l Lemma 5.14], we have E((E(t') o 7745) = (^^^0 ° ^le = {‘^og) o rjlg = 0. 

Then we obtain 

E((Ecr') o 77^5 + 778 O £9) = 779 o £10 mod (g o E®®p, Dg o 7/17 o E®®p. 

This implies that 2r]g o £49 = 2^9 o 779 o £49 by uni Theorem 6.7]. By ^51 
Proposition 1.9, Lemma 9.1], we obtain 

2790779 o £10 g {2i9,7790£io,?7i8}oE^®p 9 (goE^^p mod 2(goT.^^p, vgovnoYf'^p 
that is, 

2779 o £49 = xfg o E®®p mod Pg o 7/47 o E®®p 

for an odd x. Since 2 ( 7 /| o gi 5 (C)) = 2 ( 7 /| o Egi 4 (C)) = (27/g) o gi 5 (C) = 0 by 
[251 (2.1)], 7 /| o gi 5 (C) is of order 2. By Lemma 3, we complete the proof. 

□ 

By (25] (7.21)], we have P(t2i) o 7719 = P{r] 2 i) = 2crio o 7/47. Then we have 
2P(72i)o774g = Aaigoi/ij = 0 (25] Theorem 7.3]. Thus we can take an extension 
P(72 i) [E17CP2, S®0] of 2P(62 i). 
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Proposition 9. (1) S^°] = Z{P{i2i)o2iig}(B^8{vio ° £ii}®'Z 2 {i/iqO 

516(C)} 0 Z7 0 Zg. 

(2) [E18CP2,= ZslmToeT^} 0Z 2{i^i^ ogi7(C)} 0 Z7 0 Zg. 

(3) ^ Z{P(t25)oSl9p}0Z8{?7l2 O ei3}0Z2{z/22O5i8(C)}0Z70Zg. 

( 4 ) Forn > 13, [E"+'^CP^, 5"] = Z8{?7„ o e„+i} 0 Zgji/^ o5„+6(C)} 0 Z 7 0 Zg. 

Proof. (1) By (3.1) and Lemma 2, we have 

0 ^ Z4{Cio}©Z70Zg Z{2P(i2i)}0Z2{i/3o,ryiooen} ^ 0. 

By proposition 8, we have 

27710 o sii = x(io o mod Pio ° ^^18 ° 

for an odd x. Since is of order 2, we have o (717(C) is of order 2. Thus 
we have 

pl7cp2^ ^10] ^ Z{2P(i2l)} 0 Z8{77l0Oen} 0 O 516(C)} 0 Z7 0 Zg. 

(2) By (3.1) and Lemma 2, we have 

y'lS,^* y>18 •* 

0 ^ Z4{Cii} 0 Z7 0 Zg-^ [El®CP^ o £12} ^ 0. 

By (1), we obtain 

pl8cp2^ ^11] ^ Zsl piioeig } 0 Z2{l/}i O 517(C)} 0 Z7 0 Zg. 

Similarly, we can determine group structures of [S^+^CP^, S'"] for n > 12. This 
completes the proof. □ 

For odd prime p, we have an isomorphism 

(2) [E"+7CP^ - TTn^S^ip) © 7r„+ll(5")(p) 

by (2.2). From [28l Chapter 13], then, we have the following: 

Proposition 10. The odd primary components 0/[E”+^CP^, S'”] are 

(1) [E9CP2, S2] = Z3{P2 O 03 ( 3 ) O EM 

(2) [E10CP2, S3] = Z3{a3(3) o E^} 0 Z7{ai.7(3) o E>}. 

(3) [E31CP2, S^] = Z3{a3(4) o E“p} 0 Z7{ai.7(4) o E^p}- 

( 4 ) [E”+7CP2, S”] = Z7{ai,7(n) o E”+M © for n > 5. 

5. Determination of [E”+®CP^, S”] 

In this section, we determine the generators of the 2-primary components of 
77-th cohomotopy groups of (n + 8)-fold suspended complex projective planes. 

We analyze the short exact sequence 

(3.1) 0 ^ Cokerpl^^^ [E”+8CP^ S”] Kerrif^^^^ ^ 0 

induced by (1.1). 
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n = 

2 

3 

4 

5 

6 

1, 8, 9 

10 

11 

12 

13 

14 > 

Coker 

zi 

0 

Z 2 

0 

Zg 

0 


Z 2 

Z 2 

Z 2 

0 

generators 

mh-' 

TygP'Pg 

0 

V4fir 

0 

-P(o-13) 

0 

P(P2l) 

O' 

9 

E 6 » 

0 


Lemma 4 . (1) For the homomorphisms Pn+ii ■ ’’’n+ii '^n+ 12 ^ have the 

following table of the cokernel of : 

(2) For the homomorphisms rjn+io ■ '^n+w '^n+iiy have the following 
table of the kernel of ■ 


n = 

2 

3 

4 

5, 6 

7 

8 

9 

10 

11 

12 > 

Ker 

0 

Z 2 

Z 4 © Z 2 


Zg 

zi 

Zg 


Z 2 

0 

generators 

0 


2(p4(t') 

vise 

^VjiC n+3 

uraiQ 

erg Pig 

PsCTii 

o’gPie 

tTioPlT 

CTllPlS 

0 


By Lemma 4 , we have the following 

Proposition 11. S'^] = 1 ‘ 2 {V 2 o fi' o 772 o p' o j/g o © Z21. 

By ( 7 . 12 )], we have e' o 7713 = p' o eg and v' o eg is of order 2 . Then we 
can take an extension 77I o eg G S^] of 2 e' = 17I o £5 [IHl Lemma 6.6]. 

Similarly, we can take an extension 77! o eg G [E^^CP^, of 774 o eg. Then we 
obtain the following. 

Proposition 12. [E^^CP^, S^] = Z2{?7| o eg} © Z3. 

Proposition 13. [E^^CP^, S'^] = Z8{p4 o a' o 2ii4} © Z2{774 o eg}. 

Proof. By Lemma 4 , we have a short exact sequence 

0 ^ Z2{z/4 o fir} [E^2CP^ 5"*] Z4{2(z/4 o <t')} © Z2{2Ee'} ^ 0. 

By [in Proposition 3.7], we obtain 

4p4 o a' o 2ii4 = j/4 o 777 o E^^p. 

This complete the proof. □ 

By [551 p.l 52 ], pg o (jg o 77ig = Pg o eg is of order 2 . Then we can take an 
extension pg o erg o 26 ig G [E^^CP^, S'®] of 27 /g o ag. Similarly, we can take an 
extension z/g o erg o 2 tig G [E^'^CP^, S®] of 2i4g o ug. By Lemma 4 , we have the 
following 

Proposition 14. ( 1 ) [E^®CP^,S®] = Z4{z/g o ug o 2 tig} © Zg. 

( 2 ) [E^^CP^, S®] = Zg{P((7i3) o E^^pj © Z4{pg O CTg o 2 tig} © Zg © Z3. 
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Proof. By Lemma 4, we have (1). So we only prove (2). Consider the following 
commutative diagram induced by Lemma 4. 


0 

0 


S^] Z4{2i/5 o as} 


Zambia)} 56 ] 




S 2 


Z4{2r'6 o ag} 


0 

0 


Since and Eg are isomorphic, the second row is split. This complete the 

proof. □ 


By [28l (5.9)], Un o a „+3 o 77„+io = 0 for n > 7. Then we can take an 
extension o a „+3 £ [E”+®CP^, 5'”] of I'n ° o-n+3- Similarly, we have a^ o 
Vm+7 o rim+10 = o cFm+3 ° Vm+10 = 0 for TO > 8 . Then we can take exten¬ 
sions (Trn O t'm+r, O (Tm+3 S [E'^+^CP^, 5""] of a^ O t^m+7 and O am+3 
respectively. By Lemma 4, we have the following. 

Proposition 15. (1) [E^®CP^,S'^] = Zsji^r o aio) © Z 3 . 

( 2 ) [E16CP2, 58 ] = Zi{ a 8 0i2i5 , :28oaii } © Z^. 

(3) [E17CP2, S^] = Zsiag o 1.16} © Z 3 . 

Lemma 5. {2aio o 1247 , 2 i 2 o, ?? 2 o}i = 2 P(i/ 2 i). 

Proof. We recall that = Z 4 {P(i 22 i)} [Ml Proposition 7.6]. By [MJ Propo¬ 
sition 2.6, (7.21)], we have 

-ff{2crio o 1247 , 2 i 20 ) ? 72 o}i = Vig = 

Since {H o P)(i^ 2 i) = ± 21/49 [Ml Proposition 2.7], we obtain the result. 

□ 


Proposition 16. [E^^CP^, 5'^°] = Z8{a4oO(;47(C)}®Z2{2a4oO(;47(C)—P(i/ 2 i)o 
EiSp}. 

Proof. By Lemma 4, we have a short exact sequence 

0 ^ Z4{P(i/2i)} [El®CP^ S-i^] Z4{aio o 1 / 47 } ^ 0 . 

By [^ Proposition 1.9], we have 

4a4o 0547(C) = 2a4o o 1/47 o 2620 

€ {2a4o o z/47, 2620, ?72 o}i 0 

= 2P(i/2i)oE>. 

This completes the proof. □ 

Proposition 17. [E^®CP^, S'^^] = Z|{a 44 o 548 (C), 6' o E^®p}. 
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Proof. By Lemma 4, we have a short exact sequence 

0 ^ Z2{9'} 5”^^] Z2{(Tii o Vis} ^ 0. 

We consider 2-primary EHP-sequence 

where [T,‘^°CP^, = Zi{v 2 io T,‘^°p} and [Y.^^CP^, = Z{^} [HI P-HO, 

Proposition 3.1]. Then P{v 2 i o = P(v 2 i) o and P( 2 i 2 i) = P(i 2 i) o 

2iig mod v^Q o pi 6 (C), 2r]io o en. So, two P-homomorphisms are monomor- 
phisms. Thus [E^®CP^, = Z^. This completes the proof. □ 

By Lemma 4, we have the following. 

Proposition 18. (1) [E^OCP^,^!^] = Z 2 { 6 » o E^Op} © Z 3 . 

( 2 ) [E21CP2, 513 ] = Z 2 {(E 6 I) o E^ip} © Z 3 . 

(3) [E"+8CP2,5'"] = Z 3 for n > 14. 

For odd prime p, we have an isomorphism 
(3) [E'^+SCP^, ^ 7r„+io(5")(p) © t„+i 2 (^”)(p) 

by (2.2). From Chapter 13], then, we have the following: 

Proposition 19. The odd primary components 0 /[E”+®CP^, 5"] are 

( 1 ) [ElOCP2, ^2] = Z3{P2 O 03 ( 3 ) O ElOp} © Z5{P2 O 01.7(3) O El^p}- 

( 2 ) [Eiicp2,53] =Z3{ai(3)0O2(6)}. 

(3) [E12CP2, 54 ] = Zi{ai(3) o 02 ( 6 ), [a, la] o 02 ( 7 )}. 

(4) [E13CP2,55] =Z9{^}. 

( 5 ) [E^'‘Cp2,S'®] = Z9{/3 i( 6)}©Z3{[(.6, i6]oa2(ll)oZi^p}©Z5{[(.6, iejooi, 5 ( 11)0 

_ 

(6) [E15CP2, S^] = Z3{/3i(7)}. _ 

(7) [E16CP2, 58 ] = Zi{/3i(8), [ 68 , ts] o ai(15)}. 

(8) [E17CP2,59] =Z3{/3i(9)}. 

(9) [E18CP2, 510 ] = Z2{/3i(9), [ 610 , 610 ] o ai(19) o E>}. 

(10) [E"+8CP2,5'T = Z3{/3i(n)} for n > 11. 

6. Homotopy groups of Map*(Cp2, CP^,+) 

The complex projective plane CP^ is a base space of a S'^-bundle —>■ 

g5 4 cp2. So, we have an isomorphism 

p* : [E"CP^S' 8 ] ^ [E"CP 2 ,CP 2 ]. 

From the adjointness |15j . we obtain an isomorphism 

7r„(map4Cp2,Cp2;*)) ^ [E"CP^Cp 2 ]. 
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McGibbon [ 50 ] showed that homotopy class [CP", CP"] = 1 which is deter¬ 
mined by using homomorphism between homology groups. We denote the n-th 
homotopy group nn{Mapi,{CP ^+)) by 7 r„(map*(CP^, CP^)). By the re¬ 
sults of section 3, 4, 5 and m, we obtain the following: 

Theorem 1. n 4 {map^,{CP^,CP^)) = Z 4 {j /5 o © Z 3 {ai( 5 ) o E'^p}. 
7r5(map*(CP^, CP^)) = 0. 

Tre{map^{CP^,CP^)) = Z 4 {i ^5 o 263 } © Z 3 {ai( 5 )}. 

TTYlmap^:{CP'^ , CP'^)) = Z 2 {z/| o E'^p}. 

7 r 8 (map*(CP^, CP^)) = Z 4 {i ^5 o p'^} © Z 3 {q; 2 ( 5 ) o E®p} © Z 5 {a 3 ( 5 ) o E®p}. 

7r9(map*(CP^,CP^)) = Z4{z/5 op8(C)}. _ _ 

7rio(map*(CP^,CP^)) = Z 2 {r '5 o E^°p} © Z 4 {(t'"} © Z3{q! 2(5)} © Z5{a3(5)}. 
7 rii(TOap*(CP^, CP^)) = Z 4 {j /5 o (78 o E^^p} © Z 9 {/ 3 i( 5 ) o E^^p}. 
7 ri 2 (TOap*(CP^,CP^)) = Z 4 {C 5 o E^^p} © Z|{i /5 oVs o E^^p, t-f o pii(C)} © 

Z 9 {a 3 ( 5 ) o E^^p} © Z 7 . _ 

7ri3(map*(CP^,CP^)) = Zi{v5 o as o 2615} ® Z9{/3i(5)}. 


7. Applications : Classifying path-components of mapping spaces 

and Cyclic maps 

In this section, we apply the results obtained in Sections 3, 4 and 5 to classify 
homotopy types of path-components of certain mapping spaces and compute 
certain generalized Gottlieb groups. 

The term fibration is used for a Hurewicz fibration, that is a map with the 
homotopy lifting property with respect to all spaces [191 P-49]. It is well known 
that the evaluation map Wf : map(X,Y;f) —>■ Y, Wf{g) = g(*), is a fibration 
[71 Lemma 8.15]. For fibrations p : Ei ^ B and q : E 2 ^ B, p and q are said 
to be fiber homotopy equivalent if there is a homotopy equivalence h ■. Ei ^ E 2 
such that qo h = p [ini p.52]. 

Here we remind several results of the generalized Whitehead product [Tj. 
If a and ft are homotopy classes, then the Whitehead product of a and fi is 
denoted by [a, (3\. A map / : A —>• F is cyclic if there is a map F : X xY -^Y, 
called affiliated map, such that F{x, *) = f{x) and F(+, y) = y. We denote the 
set of cyclic map from A to F by G(A, F) and it has group structure if A is 
a co-H-group m- 

We recall the following equivalent statements due to [5J Lemma 2] and [TBl 
Theorem 3.7]: 

Theorem 1. Let EA and EF be CW eomplexes with non-degenerate basepoints 
and EA is finite CW complex. Then the following are equivalent. 

(A) the map f : EA EF is cyclic 

(B) [/, idsv] = 0 where [ , ] the generalized Whitehead product 

(C) the evaluation fibration Wf : mapfSX, EF; /) —>■ EF has a section 
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(D) the evaluation fibration wj : map{YiX\ f) —> YiY is fibre-homotopy 
equivalent to w* : Map{YX, T,Y; *) —)► F 

Here is a connection of path components of mapping spaces and cyclic maps. 

Theorem 2. [ITl Theorem 3.10] Suppose X is a CW co-H-space and Y is 
any CW complex. Let d G G{X, Y) be any cyclic map. Then for each map 
f : X ^ Y, we have map{X,Y] f) ~ map{X,Y; f + d). If X is a finite 
co-H-space then the corresponding evaluation fibrations wj and wj+d cire fibre- 
homotopy equivalent. 

The following Theorem shows a relation between the generaized Whitehead 
product and evlauation hbration [51 Theorem 1] 

Theorem 3. Given a pair of homotopy classes a = [/],/3 = [g] € [EH, SH] 
such that at least one of the identities [a, i-eb] = ±[/3, ieb] holds. Then the 
evaluation fibrations w f : map{YA,YB] f) YB) andwg : map{YA,YB] g) —^ 
YB) are fibre homotopy equivalent. 

We recall Proposition 4.4 of m- 

Proposition 20. (1) [ECP^,S'^] =Z{?72o2i3}. 

( 2 ) [E^CP^^S-^] ^Z2{p'oE2p}©Z3{ai(3)oE2p}. 

(3) [E3CP2, ^ Z{P 4 o E3p} © Z2 {YC o Y^p} © Z3{ai(4) o Y^p}. 

( 4 ) [E"CP2, 5'"+i] ^ Z4{Pn+i o E>} © Z 3 {ai(n + 1) o E>} for n > 4. 

Let G be an abelian group and let S' be a subset of G. We denote the 
smallest subgroup of G containing a subset S C G by (S). We denote oof : 
map{X, F; /) —>• F by w/ for / : W —>■ F. 

Theorem 4. (1) For each [/],[g] G [ECP^,S^], the evaluation fibrations Wf 
and Wg are fibre homotopy equivalent. 

(2) For each [/], [g] G [E^CP^,S^], the evaluation fibrations Wf and Wg are 
fibre homotopy equivalent. 

(3) (a) For each [/], [g] G (2^4 o Y^p, Yv' o E^p), the evaluation fibrations Wf 
and Wg are fibre homotopy equivalent. 

(b) For each [/] G (2^4 o E^p, Yv' o E^p) and [g] G {{2n + 1)^4 o E^p | n G Z}, 
the evaluation fibrations Wg and Wf^g are fibre homotopy equivalent. 

(c) For each [/] G (2^4 o E^p, Yv' o E^p) and [h] G {q;i(4) o E^p, 2ai(4) o E^p}, 
the evaluation fibrations Wh and Wh+f are fibre homotopy equivalent. 

( 4 ) For each [/], [g] G [E^CP^,S^], the evaluation fibrations 
Wf and Wg are fibre homotopy equivalent. 

(5) (a) The evaluation fibrations w^: andwf are fiber homotopy equivalent where 

[/] = 2^6 o S’^p. 

(h) For each [f] G {vq o Y^p,3vq o E®p} and [g] G {2vq o E®p), the evaluation 
fibrations Wf and Wf.\.g are fibre homotopy equivalent. 

(c) For each [f] G {ai(6) o E®p, 2 q!i(6) o E^p} and [g] G {2vq o Y^p), the eval¬ 
uation fibrations Wf and Wf.\.g are fibre homotopy equivalent. 
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(6) For each [/], [g] G [S®CP^, 5'’^], the evaluation fibrations Wf and Wg are 
fibre homotopy equivalent. 

(7) (a) Two evaluation fibrations Wf and Wg are fibre homotopy equivalent 

where [/] = Yfp and [g\ = St's o Y^p. 

(b) Two evaluation fibrations Wf and Wg are fibre homotopy equivalent where 
[/] = cii(9) o Y’^p and [g] = 2ai{9) o Y’^p. 

(8) (a) For each [/],[g] G (ai(9) o 21^9 o the evaluation fibrations wf 

and Wg are fibre homotopy equivalent. 

(b) For each [f] G {t'g o E®p, St'g o E®p} and [g] G (q;i(9) o E®p, 21^9 o E®p), the 
evaluation fibrations Wf and Wf.\.g are fibre homotopy equivalent. 


Proof. (1) By [T31 (13)] and [H (2.9)], we have [ 12 ,^ 202 ^ 3 ] = 0. Then we obtain 

(1) by Theorem 1. 

(2) Since is an H-space, [ta, /] = 0 for any / G [E^CP^, 5^]. Then we obtain 

(2) by Theorem 1. 

(3) By [28l (5.13)] and [TTJ Proposition 3.4], we have 

[ 14 , 1^4 o Y^p] = [i 4 , 1 / 4 ] o E(t 3 A E^p) = 21/4 o E®p 
[ 14 , Ei/'o E^p] = [i 4 , Ei^'] o E(i 3 A E^p) = dt-l o E®p = 0. 

Then we obtain (a) and (b) by Theorem 1 and 2. By [11] Proposition 3.4] 
[i 4 ,ai( 4 ) o E^p] = [i 4 ,ai( 4 )] o E(i 3 A E^p) = [i4,i4] o ai{7) o E®p 

is of order 3. Then we have (c) by Theorem 2 and 3. 

(4) By [351 P-48], we have 

[is, z /5 o E^p] = [is, z/ 5 ] o E(i 4 A E^p) = 0 
Since GsiS^) = 718 ( 5 '^) [H p.428], we obtain 

[i5,ai(5) o E^p] = [i5,ai(5)] o E(i4 A E^p) = 0 . 

Thus we have (4) by Theorem 2 and 3. 

(5) By [^ p.63], we have 

[i6, t'e o S^p] = [i6, i^e] o E(i 5 A E'^p) = 2776 o S^°p- 

Since Vq o E^°p is of order 4 m Proposition 3.7], we have (a) and (b) by 
Theorem 1 and 2. By El Proposition 3.7], 

[i 6 ,Q;i( 6 ) o E®p] = [i 6 ,ai( 6 )] o E(t 5 A E'^p) = [i 6 ,i 6 ] o ai(ll) o E^°p 

is of order 3. Then we have (c) by Theorem 2 and 3. 

( 6 ) Since S'^ is an H-space, [iy, /] = 0 for any / G [E®CP^, S”^]. Then we obtain 

( 6 ) by Theorem 1. 

(7) By [^ (7.19)], we have 

[is, 1^8 ° S’’p] = [is, i^s] o S(i7 A E®p) = 2 tT 8 o vi 5 ° S^'^p - xi^s o ail o S^^p 
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for an odd x. By Theorem 1 and 2, we have (a) and (b). By Proposition 2, 

[t8,ai(8) o = [t8,ai(8)] o S(t 7 A S®p) = [t8, ts] o ai(15) o 

is of order 3. By Theorem 2 and 3, we have (c). 

(8) By [28l (7.22)], we have 

[tg, Z/g O E®p] = [tg, Pg] O S(t8 A S'^p) =VgO Vn O S^^p. 

Since Pg o o E^®p is of order 2, we have [zg, 2z'g o E®p] = 0. Since G'i 2 (<S'®) = 
7712 ( 5 '®) m P-428], we obtain 

[tg,ai(9) o E®p] = [tg,ai(9)] o S(t8 A E'^p) = 0. 

By Theorem 2 and 3, we have (b). 

□ 

Corollary 1 .( 1 ) Gi(CP®,5®) = Z{p 2 o 2l^}. 

( 2 ) G2(CP2,53) =Z2{p'oE2p}©Z3{ai(3)oE2p}. 

( 3 ) G3(CP2,5^) = Z{2z/4 o E^p} © Z2 {Ez/' o E^p}. 

( 4 ) G4(CP2,5®) = Z4{P5 o S4p} © Z3{ai(5) o E^p}. 

(5) G5(CP2, 56 ) = Z2{2p6 o E5p}. 

(6) G6(cp2,5^) = Z4{P7 o S6p} © Z3{ai(7) o E^p}. 

(5) G7(CP2,5®) =0. 

( 6 ) G8(CP2,5®) =Z2{2z/goE8p}©Z3{al(9)oE8p}• 

Theorem 5. [T^ Corollary 2.4] For each n > 1. we have an isomorphism of 
abelian groups 

GnimapiX, F; 0)) ^ G„(F) © G(E"X, Y). 

By [161 Corollary 2.4], for each n,m > 1, we have an isomorphism of abelian 
groups 

G„(map(E’"CP®, 5™+i; 0)) ^ G„(5™+i) © G™(CP®, 5™+i). 

Mukai-Golasinski [3] determined Gottelieb groups of sphere G„+fc(5") for 
l<fc<13, 2<n< 26. Therefore we have group structures of 

G„(map(E’"CP®, 5’"+^ : 0)) ^ G„(5™+^) © G™(CP®, 5™+^) 
for 1 < m < 8 and l<m — n + l<13. 

We recall a long exact sequence m- 
Theorem 6. There is a long exact sequence 

-^ [EM,map(EP,X;/)] ^ [E’'A,X] 

[E(E’'-i A mapiYB, X; /)] ^ • • • 

where a = [f] € [EP,X], Pa[j5) = [j3,a] is the generalized Whitehead product 
and w : map{YB, X; f) B is the evaluation map. 
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From Theorem 4 and 6, we have the following. 


Theorem 7. (1) 7ri(77iap(SCP^, 5'^; /)) = Z2{?72oi^'oE2p}0Z3{[t2, t2]oai(3)} 
for all / : ECP^ ^ . 


712(map(S2Cp2, ^^/)) ^Z 2 {z /'0 266}© Z3{ai(3)}/or all f : T?<CP^ 


(3) (a) For [/] G ( 21/4 o Y^v' o Y^p), 'K^imap{Y^<CP^, S'^; /)) = Z 4 {r '4 o 
SM © Z§{ai(4) o ai(7) o S^p, [ 04 , 14 ] o ai(7) o Y^p}. 

(b) For [/] G {(2n + l)j >'4 o Y^p | n G Z} and [p] G ( 21/4 o E^p, Ej^' o E^p), 
TTs(map(E^CP^, 5"^; f + g)) ^ Z 2 {i/| o E®p} © Z|{ai(4) o ai(7) o E®p, [ 14 , 14 ] o 
ai(7)oE6p}. 

(c) For [f] G {q!i(4) o E^p, 3 q;i(4) o E^p} and [p] G ( 21/4 o E^p, Yv' o E^p), 
TTs(map(E^CP^, S^; / + p)) = Z4{77| o E®p} © Z3{ai(4) o q;i(7) o E®p}. 


(4) 7r4(map(E"‘CP^, S'®; /)) = Z4{j75 o pj} © Z3{q;2(5) o E®p} © Z5{ai,5(5) o 
S«p} for all f : E^CP^ S®. 

(5) (a) For [f] G (2776 o E®p), 7r5(map(E®Cp2, S®;/)) = Z^{i/6 o gg,Ve o 
Ei°p} © Z3{[t6, te] o 01 ( 11 ) o Ei°p}. 

(b) For [/] G {z/ 6 oE;®p, [p] G (2775 o E®p), 7r5(map(E®CP^, S®;/)) 

= Z4{776 o pg} © Z2{776 o E1°p} © Z3{[t6, te] O ai(ll) o Ei°p}. 

(c) For [f] G {oi( 6 ) o E®p, 2ai(6) o E®p} and [p] G (2vq o E®p), 
7 r 5 (map(E®CP^, S®; /)) = Z 4{776 o pg, 775 o Ei°p}. 


("dj Tre{map{Y^CP'^ , S'^; /)) = ZsIct' o 2614} © Z3{q;2(7)} © Z5{q;i,5(7)} for 
all / : E®p ^ S^ 

("7^ (a) 7 r 7 (map(E'^CP^,S®; *)) = Z^jcrs o 7745 o E^'^p, i 7 g o an o E^''‘p} © 
^3{-®i( 8) ° S^^p, [ig, is] o Q!i( 15 ) o E^^p}. 

fbj For [/] G {i^s o S'^p, 3778 o E^p}, 7r7(TOap(E'^CP^, S®; /)) = Z4{cr8 => ^15 o 
E^^^p + 778 o an o Y^'^p} © Z§{[t 8 , tg] o Q!i(5) o E^^^p,/3i(8) o E^^p}. 

(c) For [f] = 2778 o E'^p, 7 r 7 (map(E'^CP^, S®; /)) = Z4{ct8 o 7745 o E^^^p} © 
Z2{778 o an o S^^p} © Z§{/ 3 i( 8 ) o E^'^p, [tg, tg] o q;i( 15 ) o E^'^p}. 






CERTAIN HOMOTOPY PROPERTIES RELATED TO map(E"CP^, S™) 


19 


(d) [f] € {ai(9)oS^p, 2 q!i(9)oI;'^p}, 7r7(map(S^CP^, S'®;/)) ^ Z^jcrgoz/iso 

Vs o (Til o 0 Z3{/3i(8) o S^^^p}. 

faj For [f] € (ai(9) o E®p, 2^9 o E®p), 7 r 8 (map(S®CP^, S®;/)) = Zs{vqO 
Pis} © o 1^17 o I]1 ®p, 779 o^io} 0 Z7 {q:i,7(9) o E^^pj 0 Z9{aJj(9) o S^'^pj. 

(b) For [f] € {vg o S®p, Spg o E®p} and [g] S (ai(9) o E®p, 2^9 o Ti^p), 
7r8(map(S®CP^,S®;/0p)) = Z2{p|opi5}0Z2{p9 o eio}®Z7{ai_7(9)oSiV}0 

Z9{a'3(9)oEi4p}- 

We denote the path-components of mapping space map(X, Y) containing / 
by map(/). 

Finally, we classify homotopy types of path-components of the following 
mapping spaces. 

Theorem 8. (1) map(S"CP^, /) consists of one path-component for 

n = 1,2,4, 6. 

(2) map(E®CP^, S'^;/) consists of four path-components map{f), map{f + 
g), map{f + h) and map{f + g + h) where [f] G ( 2 v 4 o S®p, Ev' o S®p), [g] G 
{(2n 0 l)v4 o E®p I n G Z) and [/i] G {Qfi(4) o E®p, 2ai(4) o E®p}. 

(3) map(E®CP^, S®;/) consists of four path-components map{f), map{f + 
g), map{f + h) and map{f+g + h) where [/] G {2vq o E®p), [g\ G {vsoE^p,2>vso 
E®p} and [h] G {q;i( 6 ) o E®p, 2 q;i(6) o E®p}. 

(4) map(E’^CP^, S®;/) consists of six path-components map{*), map{f), 
map{2f), map{g), map{f + g) and map{2f + g) where [/] = vs o E’^p and 
[g] = q:i( 8 ) o E'^p. 

map(E®CP^, S®;/) consists of two path-components map{f) andmap{f+ 
g) where [/] = vs o E'^p and [p] = Qfi( 8 ) o E^p. 
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